We present a theory that is a non-Fermi-liquid counterpart of the Abrikosov-Gor'kov pair-breaking theory due to paramagnetic impurities in superconductors. To this end we analyze a model of interacting electrons and phonons that is a natural generalization of the Sachdev-Ye-Kitaev-model. In the limit of large numbers of degrees of freedom, the Eliashberg equations of superconductivity become exact and emerge as saddlepoint equations of a field theory with fluctuating pairing fields. In its normal state the model is governed by two non-Fermi liquid fixed points, characterized by distinct universal exponents. At low temperatures a superconducting state emerges from the critical normal state. We study the role of pair-breaking on T c , where we allow for disorder that breaks time-reversal symmetry. For small Bogoliubov quasi-particle weight, relevant for systems with strongly incoherent normal state, T c drops rapidly as function of the pair breaking strength and reaches a small but finite value before it vanishes at a critical pair-breaking strength via an essential singularity. The latter signals a breakdown of the emergent conformal symmetry of the non-Fermi liquid normal state.
: (a) Schematic phase diagram obtained from solving the Eliashberg equations, Eq. (9) . Normal state properties are independent of pair breaking parameter α. The solid red line is superconducting Tc for α = 0; dashed red line is Tc for a small non-zero value of α 1. For α small, Tc is weakly affected at weak coupling g 1. However, for strong coupling g 1 even small α dramatically depresses Tc. (b) Schematic plot of superconducting Tc as a function of pair breaking parameter α, normalized by T 0 c = Tc(α = 0). In the weak coupling regime Tc(α)/T 0 c follows a g-independent universal curve. In the strong coupling regime Tc drops linearly with αg 2 for small α, so that Tc is already significantly reduced for α ∼ 1/g 2 . Tc(α) extends to a g-independent critical value αc. Near αc the transition temperature obeys a BKT-scaling Tc ∼ exp(−D/ √ αc − α). model becomes solvable in the limit of infinite number of degrees of freedom. The Eliashberg equations of superconductivity, with self-consistently determined electron and phonon propagators, become exact. The formalism yields rich non-Fermi liquid behavior in the normal state and gives rise to superconductivity at low temperatures. Related interesting descriptions of superconductivity in SYK-like models have also been discussed in Refs. [30] [31] [32] . While SYK models are dominated by random interactions, the belief is that the non-Fermi liquid behavior that occurs is in fact more general and may also offer insights into non-random systems.
In its normal state the model of Ref. [24] is governed by two non-Fermi liquid fixed points, characterized by distinct universal exponents. The weakened ability of such non-Fermi liquid electronic states to form Cooper pairs is offset by an increasingly singular pairing interaction, leading to coherent superconductivity in such incoherent systems. This result is closely related to the generalized Cooper theorem of quantumcritical pairing put forward by Abanov et al. in Ref. [15] . In Ref. [24] the ground state was shown to be characterized by sharp Bogoliubov quasiparticles. However, the incoherent nature of the normal-state leads to a much reduced spectral weight Z B of the Bogoliubov quasiparticles. For small values of Z B a reduction in the condensation energy occurs. At the same time, the transition temperature remains unchanged. This behavior is reminiscent of superconductivity in systems with non-pair-breaking impurities, where Anderson's theorem guarantees an unchanged transition temperature, while the superconducting state becomes more fragile the larger the disorder strength, with e.g. a strongly reduced superfluid stiffness [33] [34] [35] .
An important issue in the investigation of superconducting states is their robustness with respect to pair-breaking disorder. The topic was pioneered by Abrikosov and Gor'kov, who analyzed the role of paramagnetic impurities in conventional superconductors [36] and found a suppression of T c determined by log T 0 c /T c = ψ 1 2 − 1 2πτ Tc − ψ 1 2 with impurity scattering rate τ −1 and digamma function ψ. T 0 c is the transition temperature without pair breaking. The inclusion of quantum dynamics of the impurities, unconventional pairing states, critical normal states, and strong impurity scattering are topics of ongoing theoretical investigations, see e.g. Refs. for an incomplete list of publications. In this context an interesting question is the nature by which superconductivity vanishes due to pair breaking if the normal state is quantum critical.
In this paper we generalize the electron-phonon SYK model to analyze the robustness of pairing in quantum-critical systems against pair-breaking effects due to time-reversal symmetry violation. We solve the modified Eliashberg equations and find a suppression of the transition temperature as a function of a pair-breaking parameter α, with T c vanishing at a critical pair-breaking strength α c . While the qualitative trends are similar to the Abrikosov-Gor'kov theory [36] , there are key distinctions in the overall dependence of T c on α. Near α c , we find a behavior
where D is a non-universal constant and T * an energy scale that we discuss below. This behavior is similar to the scaling near a Berezinskii-Kosterlitz-Thouless (BKT) transition [58, 59] . Such BKT-scaling was argued to be generic for systems with a transition from a conformal to a non-conformal phase [60] . Given the conformal symmetry of the SYK model [26] , which is relevant to our normal state, the result Eq.(1) for the superconducting transition temperature is further confirmation of the expectation put forward in Ref. [60] . Thus, the change of the superconducting transition temperature as function of a pair-breaking impurity concentration may serve as a tool to identify whether a normal state can be effectively thought of as a critical state with an underlying conformal symmetry. A behavior like that of Eq.1 occurs in the coupling constant dependence of the mass scale near the chiral symmetry breaking point of 2+1-dimensional quantum electrodynamics [61] . In the context of coherent versus incoherent pairing, such behavior was first seen in an Eliashberg theory near a magnetic instability in Ref. [15] . An interesting renormalization group perspective of Eq.1 in the context of superconductivity was recently given in Ref. [20] . An appeal of our approach is that the critical coupling α c in Eq.(1) acquires a clear physical and potentially tunable interpretation as a pair-breaking parameter due to time-reversal symmetry breaking disorder. In addition to the behavior near the critical pair-breaking strength α c we also analyze the interplay between normal-state incoherency and the robustness of superconductivity with respect to pair breaking. In the incoherent, strong coupling regime of the system, we find that T c is already substantially suppressed for α ≈ α * α c , where the crossover scale α * ∼ Z B is proportional to the small Bogoliubov quasiparticle weight for α = 0, i.e.
with T 0 c = T c (α = 0). Thus, a pairing state that emerges from an incoherent normal state with small Z B is particularly fragile against pair breaking. These findings are summarized in Fig.1b .
In what follows we introduce our model, show that the solution is given by a set of coupled Eliashberg equations, and present the solution of this set of equations.
Eliashberg equations
We start from the Hamiltonian
with electron annihilation and creation operators c iσ and c † iσ , respectively, that obey c iσ , c † jσ + = δ ij δ σσ and [c iσ , c jσ ] + = 0 with spin σ = ±1. In addition we have phonons φ k with canonical momentum π k , such that [φ k , π k ] − = iδ kk . Here i, j = 1 · · · N refer to electrons and k = 1 · · · M to the phonons. In what follows we mostly consider the limit N = M . The problem becomes solvable because of the fully-connected nature of the electron-phonon interaction. The electron-phonon coupling constants g ij,k are Gaussian-distributed random variables that obey g ij,k = g * ji,k . The coupling constants are in general complex valued g ij,k = g ij,k + ig ij,k with real part g ij,k and imaginary part g ij,k . In what follows we will use a distribution function with zero mean and second moment given by
The over-bar denotes disorder averages. The two limits α = 0 and α = 1 were discussed previously in Ref. [24] . In the former case, the coupling constants are all real valued with g ij,k = g ji,k . For given k, the g ij,k are then chosen from the Gaussian orthogonal ensemble of random matrices [62] . Time-reversal symmetry of the Hamiltonian is not only preserved on average, but also for each individual realization of the g ij,k . As a result, the electron-phonon interaction of Eq.(3) induces superconductivity. On the other hand, for α = 1, each configuration of the coupling constants, distributed according to the Gaussian unitary ensemble, strongly breaks time-reversal symmetry and no superconductivity occurs. Instead, a non-Fermi liquid normal state emerges where the spectral functions of electrons and phonons are governed by universal power laws, a behavior that is qualitatively similar to the usual formulation of the SYK model with random four-fermion interactions [25] [26] [27] [28] [29] . Below we will summarize the main finding of these limits in greater detail. For 0 < α < 1 the breaking of time-reversal symmetry is intermediate. In particular, for small α one expects that superconductivity should survive albeit with a reduced transition temperature. Thus, α plays the role of a dimensionless pair-breaking parameter that characterizes the relative importance of time-reversal symmetry breaking disorder.
To proceed, we use the replica trick [63] to perform the disorder average
where
Here, a = 1, · · · , n is the replica index while τ stands for the imaginary time in the Matsubara formalism with β = (k B T ) −1 the inverse temperature. Using the Gaussian disorder distribution, characterized by Eq.(4), we obtain for the disorder average
For the Gaussian unitary ensemble with α = 1 only terms like O † ijk O ijk , occur. On the other hand, for α < 1 we find in addition anomalous terms O † ijk O † ijk and O ijk O ijk . These terms give rise to anomalous self energies and propagators and, potentially, superconductivity.
To proceed, we introduce collective variables through the identities
This allows one to integrate out the electron and phonon degrees of freedom, which yields for replica symmetric solutions and singlet pairing the effective action
Here,Σ
is a matrix in Nambu space. In the limit N → ∞ the integration over the collective variables can be performed through the saddle-point method and we obtain time-translation invariant solutions. After Fourier transformation to Matsubara frequencies the saddle-point equations take the form of the Eliashberg equations:
is the phonon propagator, while the electron propagator in Nambu space isĜ −1 ( n ) = i n1 −Σ ( n ). Here n =(2n + 1) πT and ν n = 2nπT are fermionic and bosonic Matsubara frequencies, respectively. One immediately observes that in the normal state, with Φ = F = 0, the solution of this set of equations is independent of the pair-breaking parameter α. Before we analyze the dependence of superconductivity on α we briefly summarize the regimes α = 1 and α = 0 that were discussed already in Ref. [24] .
For α = 1, time reversal symmetry is strongly broken and no superconducting solution exists. In the phase diagram as a function of temperature and dimensionless coupling constant g =ḡ/ω 3/2 0 , shown in Fig.1a , we find three distinct regimes: i) for T T f ∼ g 2 ω 0 interactions are irrelevant and the systems behaves as free fermions and bosons. ii) for T < T * with T * ∼ ω 0 min g 2 , g −2 we find a fermionic self energy Σ ( n ) = −c 1 i n g 2 ω 0 / n 2∆ . For the dynamic part of the bosonic self energy,
The numerical coefficients c 1 ≈ 1.155, c 2 ≈ 0.561, and c 3 ≈ 0.710 were determined in Ref. [24] . The scaling dimension of the fermions was found to be ∆ ≈ 0.4203. This exponent determines the phonon dynamics via the anomalous Landau damping term δΠ (ν n ). Notice, for g < 1 it holds that T f ∼ T * . iii) For g > 1 there exists an intermediate temperature regime g −2 < T /ω 0 < g 2 , i.e. T * < T < T f , where the phonons are long-lived and have a renormalized frequency ω 2 r = 3π
the same time the fermionic self energy is impurity-like, Σ ( n ) = −isign ( n ) 8 3π g 2 ω 0 , a behavior caused by the coupling of electrons to very soft, i.e. almost classical, phonons.
For α = 0, superconductivity emerges at a critical temperature T 0 c (g 1) ≈ 0.16g 2 ω 0 , while for large g the transition temperature saturates, T 0 c (g 1) ≈ 0.112ω 0 . In the strong coupling regime, the weight of the Bogoliubov quasiparticles behaves as Z B ∼ g −2 . We summarize the key regimes of the normal state and the transition temperature in Fig.1a . All curves seem to extend to a g-independent critical value αc. The full numerical solution converges poorly at low T and large g, a regime that will be analyzed by solving the linearized gap equation using analytically determined scaling solutions for the normal-state electron and phonon propagators.
Pair Breaking

Numerical analysis and gap equations in the scaling limit
We first present the results obtained from a complete numerical solution of the coupled Eliashberg equations. In Fig.2 we show the superconducting transition temperature as a function of the pair-breaking parameter α for varying dimensionless coupling strength g. While T c (α) is weakly g-dependent for small g, we find a strong variation of the initial suppression of the transition temperature in the strong coupling limit g > 1. For all pair-breaking strength, T c (α) seems to vanish at a g-independent critical value α c . While the numerical convergence at large g is poor at lowest temperatures, a behavior consistent with Eq.(1) can clearly be seen for smaller g; see in particular the inset of Fig.3 .
In order to obtain a more detailed understanding of these results we analyze the linearized gap equations in the scaling limit. If we linearize with respect to the anomalous self energy and combine the Eliashberg equations for Z ( n ) and Φ ( n ) to determine the gap function ∆ ( n ) = Φ ( n ) /Z ( n ), we obtain
Here D (ν n ) = ν 2 n + ω 2 r − δΠ (ν n ) and Z ( n ) = 1 − iΣ ( n ) / n are the self-consistently determined normal state boson propagator and fermion self energy. For α = 0 the zeroth bosonic Matsubara frequency, i.e. n = n , does not contribute to the gap equation. This ensures that only quantum fluctuations of phonons influence the value of T c . Even very soft bosons do not act as pair-breakers, in accordance with Anderson's theorem [33] [34] [35] . The situation changes for finite α. Now the zeroth Matsubara frequency contributes to the gap equation and soft bosons become pair breaking.
For T < T * , the normal state boson propagator and fermion self energy are governed by the SYK-like scaling regime. Inserting these results, we obtain the following expression for the linearized gap equation: where
Because the temperature only appears in the combination T /T f , in this regime we must have T c = T f F (α) for some function F . Furthermore, in the weak-coupling regime g
1 we have T f ∼ T 0 c ∼ g 2 , so that T c /T 0 c is independent of g. This explains the g-independence of T c (α) in the weak-coupling regime, observed in Fig.2 . Gap equations similar to the one of Eq.12 were recently discussed in Ref. [21] [22] [23] , pointing out that superconductivity remains robust despite the incoherent nature of the normal state because the self-energy from dynamic critical fluctuations vanishes for the two lowest fermionic Matsubara frequencies.
In Fig.3 we show the dependence of the transition temperature on α, obtained from an analysis of Eq. (12) . We also show a fit of T c (α) to the BKT-scaling behavior of Eq.(1) that yields a critical value α c ≈ 0.623 ± 0.003, the coefficient D ≈ 4.8 ± 0.1, and log (T * /T f ) = 5.3 ± 0.2. In the next section we present an analytic analysis for α c and D that agrees well with these results.
In the impurity-like regime T * < T < T f for strong coupling g > 1, the α = 0 transition temperature approaches a constant value T 0 c ≈ 0.112ω 0 . For the crossover temperature T * we find T * = 9ω 0 g −2 /256. As long as T c (α) > T * we can analyze the effects of pair breaking by solving the linearized gap equation and using the normal state results from the impurity-like regime:
The solution of this equation is shown in Fig.4 , in comparison with the full numerical solution of Eq. have
The α = 0 solution can easily be determined numerically, from which we obtain
with numerical coefficient A ≈ 1.07422 close to unity. Thus, the transition temperature is significantly reduced already for α ≈ α * with α * ∼ g −2 . The reason for this behavior is the fragility of a superconducting state with reduced weight of the Bogoliubov quasiparticles, Z B ∼ ω0 T * ∼ g −2 . Thus, pair-breaking effects are strong when α becomes comparable to the weight of the Bogoliubov quasi-particles, confirming Eq.(2) given above.
In the limit of large g one can even go beyond the leading contribution for small α. To this end we split the sum in Eq.(13) into the terms with n = n and n = n :
Both terms contain the pair-breaking strength α. However, in the diagonal term α always enters in the combination αg 2 . As this term dominates for large g, one expects that T c (α, g) ≈ T c αg 2 even beyond the leading order term in α. This behavior is verified in Fig.4 .
Analysis near T = 0
Finally we give qualitative arguments for the behavior near the quantum critical point, including the BKT-scaling of the transition temperature near α c , Eq.(1). For T → 0 the SYK power-law behavior for the bosonic and fermionic propagators properly describes the low-frequency dynamics regardless of the value of the coupling constant g. This allows us to use the following linearized gap equation
The constant C ∆ was given above.
On the one hand we need to keep in mind that the power-law behavior of this gap equation is only valid below the upper cutoff T * ≈ ω 0 min g 2 , g −2 . In addition, we assume that we can use this T = 0 gap equation to determine the transition temperature at very low T if we introduce T c as lower cutoff. This yields:
In our subsequent analysis of Eq.18 we follow Ref. [15, 18, 21] . Without the upper and lower cutoffs the scale invariance of the problem suggests to look for power-law solutions Φ (ω) ∼ |ω| −b . As shown in Ref. [15] , the natural solutions are of the form b = 4∆−1 2 ± iβ, i.e. with finite imaginary part of the exponent, which yields
The phase ϕ is so far arbitrary and the sin ϕ in the denominator was included for convenience. The imaginary part β of the exponent is determined by the implicit equation
The integral can be evaluated explicitly, but leads to somewhat lengthy expressions. For small β the implicit equation simplifies to α ≈ α c − hβ 2 , where α c and h depend on the exponent ∆. Inserting the value ∆ ≈ 0.4203 we find α c ≈ 0.626531 and h ≈ 2.37709. Thus, solutions with real β exists for α < α c . We will now see that this is the critical pair-breaking strength where superconductivity disappears. The effects of the infrared and ultraviolet cutoffs can be incorporated via appropriate boundary conditions. Below ω = T c the solution should be flat dΦ(ω) dω ω=Tc = 0. At the upper cut off, the natural condition for a power-law decay is that dΦ(ω) dω ω=T * = −(4∆ − 1)Φ (T * ) /T * . We will give a more detailed motivation of these conditions below. The ultraviolet boundary condition fixes the phase ϕ via cot ϕ = 4∆−1 2β . The infrared boundary condition then gives the condition for the transition temperature:
One sees that T c vanishes when β vanishes. Using our above result near the critical pair-breaking strength β ≈ h −1/2 √ α c − α, we obtain the BKT-scaling behavior of Eq.1 with D = π √ h ≈ 4.843. The analytic results for the critical pair-breaking strength α c and for D are in excellent agreement with our numerical results of Fig.3 . The gap function right at the critical point can be obtained by taking the β → 0 limit:
The second, logarithmic term is a consequence of the boundary conditions at the upper cutoff. Right at the critical point, the overall amplitude of the gap is of course infinitesimal. The unusual frequency dependence can however be probed, at least in principle, if one measures the dynamic order-parameter susceptibility.
In order to get a better understanding of the above boundary conditions, we briefly summarize an alternative analysis that is at least controlled for ∆ = 1/4 + , with small . This value for the exponent does indeed occur in our model if we take the limit where the number of phonon modes M is much larger than the number of fermion modes [24] , in which case ∆ = 1 4 + N 8πM + · · · . Let us consider without loss of generality ω > 0. We split the integration in Eq.18 into regimes ω < ω and ω > ω, which we approximate as ω ω and ω ω, respectively. Then it follows that
For ∆ → 1 4 this approximation is exact, which is the reason why the expansion is controlled for small . This simplified version of the integral equation can be rewritten as a differential equation. To this end we multiply Eq.23 with ω 4∆−1 , take the derivative, multiply the result with ω 2−4∆ and take once more a derivative with respect to ω. It follows:
From the integral equation one furthermore obtains the conditions
dω ω=ωc = 0. These are identical to the boundary conditions imposed in our above analysis. In addition, the solution of Eq.19 solves the differential equations Eq.24 with β = 1−α πC∆ − 1 4 (4∆ − 1) (4∆ − 1). This yields for the critical pair-breaking strength α c = 1 2 + (2 log 4 − π) · · · , a result that follows also from the leading order expansion of the more general solution summarized above.
The analysis of the preceding paragraphs clearly demonstrates that the conformal symmetry of the critical normal state is lost with an energy scale that behaves according to the BKT-scaling of Eq.1, in agreement with the general expectation of Ref. [60] .
Summary
We introduced and solved a model of electrons that interact with phonons via a random electronphonon coupling. The theory is a natural generalization of the Sachdev-Ye-Kitaev model to the problem of interacting electrons and phonons and gives rise to a superconductivity. Typical for fully connected models, an exact solution becomes possible in the limit N → ∞. In our case this exact solution corresponds to the coupled Eliashberg equations of superconductivity. Since the normal state of the model is characterized by two non-Fermi liquid fixed points, depending on the value of the dimensionless coupling constant and temperature, the approach is an ideal toy model to study superconductivity as it emerges from a quantum critical non-Fermi liquid. In particular, a superconductor that results from a strongly incoherent normal state is characterized by a reduced weight Z B of the Bogoliubov quasi-particles.
The special focus of the present paper was the investigation of pair-breaking phenomena. On the one hand, we found that superconductivity disappears at a critical pair-breaking strength α c according to BKTscaling. This reflects the fact that the critical normal state possesses at low temperatures an emergent conformal symmetry, which is broken in the superconducting state. Thus, the way superconductivity is suppressed by pair-breaking disorder may reveal important information about the symmetry of the normal state. In addition we showed that for superconductors with small weight Z B 1 of the Bogoliubov quasiparticle, pair breaking substantially suppresses T c already for α ≈ Z B α c . These results demonstrate that the formalism initially devised by Eliashberg to treat dynamical pairing phenomena in Fermi liquids with intermediate electron-phonon coupling is, in fact, general enough to address Cooper pairing in a broader class of systems, such as strongly correlated, quantum critical systems.
